Abstract-The paper presents a new equivalent circuit model of electrostatic comb transducers for large-scale integration of MEMS into LSI. The model detects the displacement using a dummy spring to express the current induced by the movement, and the model parameters can be derived from only its dimensions not from external parameters (acting force, applied voltage). In addition, the model is composed from basic circuit components. Therefore it is easily utilized in conventional circuit simulation software.
INTRODUCTION
Resent years, the downscaling of semiconductor devices is going to approach to the quantum limit and a new technology has been proposed to extend the Moore's law to the future. Micro-electro-mechanical system (MEMS) is one of the solutions for breaking the limit by substituting circuit blocks with active and passive MEMS components, such as variable capacitors, RF filters, and switches. These components consist of mechanical, electrical, and electromechanical parts integrated with circuits.
On designing not only semiconductor devices but also MEMS, simulations are crucial for highly integrated devices and a coupled analysis of electrical and mechanical parts is strongly demanded for ease of MEMS design. Electrical equivalent circuit analysis is a good solution for this demand, since we can easily utilize existing tools for LSI developments. Mechanical structures in MEMS can be expressed with lumped parameter system and mass, spring, and dumper are simply converted to inductor, capacitor, and resistor, respectively. Electro-mechanical transducers, such as piezoelectric, electrostatic, thermal, and electromagnetic have been expressed with simple transformers or controlled voltage/current sources. This substitution is valid for small signal ac analysis with fixed dc operating point, but if the parameters of transformer is variable for operating conditions, such as dc bias, force, displacement, we need to change the circuit parameter whenever the modifying the other components and it is difficult to perform transient analysis.
In this research, we focus on an electrostatic comb transducer. The electrostatic MEMS has been widely used for mechanical sensors and optical actuators and the compatibility on fabrication and operation to LSI is good. The comb (interdigitated cantilever electrodes) transducer is widely utilized to these devices. The electrical equivalent circuit of comb transducer has been reported. Nguyen et al. reported an equivalent circuit of three port comb resonator in which the mechanical parts and transducers are described. In this model, the circuit parameters are varied with dc biases [1] . A method for constructing equivalent circuit from Lagrange equation have been reported to efficiently reconstruct component models [2] [3] . However, they also formulate the admittance after the system is decided. In these conventional methods, the transducer characteristic is linearized at the equilibrium position balanced by connected springs to the transducer and applied force like electrostatic or external forces. Rebuilding of the equivalent circuit is required whenever the connected mechanical structure, electrical circuit and their values are changed. To solve this problem, component modeling of the electromechanical transducer independent from connected system parameters is required. We proposed a new comb transducer model only depending on the dimensions of comb electrodes.
In this paper, the concept of the designed model is described first, and the equivalent circuit analysis of twodegree-of freedom (2DOF) resonator is reported and compared with both mechanical and electrical measurement. Then the transient analysis of oscillating circuit is described.
II. SELF-DEPENDENT COMB TRANDUCER MODEL [4]
A. 1DOF comb transducer Figure 1a shows a 1DOF comb transducer model, having a uniform gap between opposing comb fingers of d, structure thickness of b, and initial overlap of comb fingers of x 0 . A mechanical system of impedance Z m is connected to the movable electrode. x is a displacement of the comb transducer. The capacitance C(x) of comb fingers is given by 978-1-4577-0170-2/11/$26.00 ©2011 IEEE
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where ε is the dielectric constant. The electrostatic force F along x-direction is equal to the negative derivative of the electrostatic co-energy with respect to x ( )
where E is the applied voltage between opposing comb fingers. The electrical charge Q is given by
The current i on the comb transducer is temporal differentiation of the electrical charge Q as follows
where C 0 is equal to C(0) which shows initial capacitance of comb transducer and v is the velocity of comb transducer. 
B. Equivalent circuit modeling of 1DOF comb transducer
We have developed a new equivalent circuit model to express the full operation of the 1DOF comb transducer described in (2) and (4). To express electrostatic force generated by applied voltage on the comb, the source that outputs a force (voltage) proportional to square of the voltage as shown in (2) is simply adopted. On the other hand, it is some what difficult to express the current on the comb. The first term in (4) can be simply described as the current on the capacitor of initial capacitance C 0 . The second term, which is the current induced by the vibration, proportional to the velocity (current on the mechanical circuit) and the voltage, can be easily described as the source that outputs a current proportional to the product of v and E. However, the third term, which represents a current caused by the displacement x, is hard to be described, since there is no component showing the displacement of the comb. In the new model, we inserted a dummy spring k* into the mechanical circuit, which means that the spring connected between combs as shown in Fig. 1a . The spring constant k* is small enough to be neglected on response but it can detect a force (voltage) on the dummy spring and the displacement x can be obtained from the force. The current i 12 can be simplified as (7). As a result, Figure 2 shows the realized equivalent circuit that can work in circuit simulation. 
C. 2DOF inplane comb model
Based on the same concept, an equivalent circuit of an inplane 2DOF comb transducer, shown in Fig. 1b , was constructed. The comb structure is similar as 1 DOF model but it can be moved both x and y directions and it has asymmetrical gaps. The capacitance C(x, y) is
where d 1 and d 2 are the gaps of asymmetric combs. Then, the electrostatic forces along x (along finger) and y (gap) directions are In (9), (10), and (11), each equation was described with the Taylor series to avoid the dividing operation by the displacement y in the circuit, assuming y is small compared to the initial gaps. To construct the equivalent circuit model, two dummy springs, as shown in Fig. 1b , were attached to the model. The obtained equivalent circuit for the 2DOF comb transducer is shown in Fig. 3 . The proposed equivalent circuit models can be easily implemented to circuit simulation software, since the models are described only with components provided in these software packages. In addition, the parameters of the components can be determined only with the dimensions of the combs. When the comb structure has been decided, the model can be used without the modification of the parameter, even if other components both in electrical and mechanical circuits are changed.
III. FREQENCY RESPONSE OF 2DOF INPLANE RESONATOR

A. Experimental
The 2DOF model was applied to an in-plane resonator fabricated on an SOI wafer. The asymmetric comb transducer is attached on the resonator mass supported with four meander springs. The structure is 20 μm thick and the spring is 5μm wide. It moves in-plane x and y directions. Figure 4 shows the fabricated device and its equivalent circuit. On the mechanical part, the equivalent circuit has two loops which corresponds x and y movements. The mass (inductor) parameters are common but the spring and damping have different values. On the electrical part, the stray capacitance was connected in parallel to comb input, which shows the parasitic capacitance through the substrate.
The measurement and simulation were done by applying a small ac voltage (1 V) with dc bias (5, 6, and 7 V), in vacuum (~20 Pa). The electrical resposes were measured using an impedance analyzer (Agilent, 4294A). The mechanical responses were measured using a stroboscopic microscope (Polytec, MSA400). The model parameters of comb transducers were derived from the dimensions in the design as shown in TABLE I. The ac response simulations on equivalent circuit were done using a spice simulation software (National Instruments, MultiSim). The lumped parameters of mechanical components were fitted to the measured responses at 5 V of dc bias, while the mass was fixed to the designed value. 
B. Results
The measured resonant frequencies of x (along comb fingers) and y (gap direction) axis were 6.4 and 4.4 kHz, respectively. In addition, in-plane rotation (θ z ) mode was observed at 7.2 kHz. Generally, both the mechanical and electrical responses are matched well between measurement and simulation at all the dc bias voltages, which indicates the proposed model describes the frequency responses properly. However, on the electrical measurement, the resonant peaks are not clear, especially for the x-mode, which is caused by a relatively large stray capacitance which dominates the impedance properties.
The mechanical and electrical frequency responses at 7 V of dc bias near the x and θ z modes were plotted in Figs. 5. The mechanical responses in the region near x-mode of 6.4 kHz showed good agreement between the simulation and measurement, whereas those of the other region in Fig. 5a are dominated mainly by the in-plane rotation mode (θ z ). The xaxis resonant frequency does not depend on the dc bias, since the electrostatic force for x-axis does not change by the xdisplacement and no electrical spring effect occurs. The peak amplitude increased with the dc bias.
On the other hand, y-axis resonant frequency decreased as the dc bias increased, as shown in Figs. 6 and 7, which is caused by the electrostatic spring effect from non linearity of force-displacement relationship. In figs. 6, the vibration amplitudes of y-axis direction at different dc bias voltages are plotted. The simulated responses that are obtained with the parameters fitted with measured responses at E bias 5 V agreed well with the measurements as shown in Figs. 6b and 6c. As the dc bias increased, the peak amplitude increases and the peak frequency decreases, which describe well the electrical soft spring effect of parallel plate capacitance. In figs 7, the impedance and its phase are plotted at different dc bias voltages are plotted. The same responses as the mechanical ones were obtained both in simulation and measurement. 
IV. SELF-INDUCED OSCILLATION ANALYSIS
A. Resonator
The proposed model was applied to transient analysis of comb resonator. In this analysis, dc operating point might be changed during analysis, which means the dc bias on comb transducer is not constant. Therefore it is difficult to analyze using conventional model, but the proposed model is applicable. In this section, power on response of simple two port comb resonator is simulated and measured [5] .
Single crystal silicon resonators were fabricated on a silicon-on-glass (SOG) structure. The resonators were designed as a vibrating gyroscope. The outer and inner frames are oscillated along x-axis using comb transducers (fix1 and fix2). Since the outer frame is movable for only x-axis and inner mass is movable for both x and y-axes, the inner frame is oscillated along y-axis caused by Coriolis force. The Coriolis vibration is detected by parallel plate capacitors (fix3 and fix4). In this paper, we dealt with the device as a simple x-axis resonator. The equivalent circuit for x-axis was simply modeled as lumped single-axis resonator with two combs, as shown in Fig. 8 .
The comb transducers (fix1 and fix2) have a gap of 3 μm, structure height of 15 μm, and initial overlap of comb fingers of 20 μm and their capacitance are 124 fF. Fig. 8c shows the equivalent circuit of the driving structure of the resonator. TABLE II shows the lumped parameter of the resonator at the static pressure of 80 Pa which were calculated from the design, but they were adjusted to fit the measured resonance frequency (3.1 kHz) and quality factor (797). 
B. Self-induced oscillation cirucit
The block diagram of self-induced oscillation circuit is shown in Figure 9 [6] . The resonator has two comb transducers fix1 and fix2 for driving and sensing, respectively (in dashed line) The sensing comb was dc-biased at E bias . The capacitance change by the x-axis displacement generated the current, which was converted to output voltage V out using a transresistance amplifier (National Semiconductor, LF353). The output voltage is proportional to the vibration velocity. The rms voltage V a is obtained through demodulator (Analog Devices, AD630) and low pass filter (LPF) with cut off frequency of 20Hz. In order to attain constant vibration, a variable gain amplifier (VGA; Analog Devices, AD603) controls the loop gain by referring the difference between V a and dc voltage V set . The gain control range of the VGA is from -10 dB to 30dB. Finally, the output of VGA, V in , is fed back to the driving comb (fix1). 
C. Transient response
Transient response of the self-induced oscillation system was measured and analyzed by changing dc bias voltage E bias under V set = 173 mV and the static pressure of 80 Pa. V in and V out from power-on were monitored both in simulation and measurement. In simulation, transient analysis was done using the circuit simulator. Figure 10 shows V in and V out from poweron (simulation start) at E bias 4.78V. The time from power-on to reaching V in to 80 % of the saturated amplitude (defined as a risetime). The risetime and the amplitude of the V in and V out in stable-state as a function of E bias are summarized in Figure 11 . The critical bias voltage E bias for self-induced oscillation in the measurement and analysis were 3.5 V and 4 V, respectively. The equivalent circuit analysis shows good agreement with the transresistance amplifier Gain: G 2 = 160 dB x y measured response. In addition, we confirm that the amplitude of vibration velocity can be controlled by changing V set both in the measurement and analysis. 
D. Discussion
The lower limit of E bias for self-induced oscillation was 3.5-4 V. The closed loop gain (total gain) of the circuit is a sum of G 1 , G 2 and G 3 in Figure 9 . G 1 is the gain depending on E bias , driving frequency f, and damping factor r. G 2 is the amplifier gain, 160 dB. G 3 changes from -10 to 16 dB. The range of G 3 is limited by V set =173 mV and positive value of V a . The total gain should be larger than 0 dB at start-up to induce oscillation. After the oscillation starts, G 3 decreases until the rms amplitude V a approached to V set . The total gain becomes 0 dB when the resonator reaches at its stable-state. The electrostatic force F at the drive comb and the sensitivity of the sensing comb is proportional to E bias . If the G 1 is lower than -176 dB at a low bias voltage, the resonator do not oscillate, since the maximum of G 2 + G 3 is 176 dB and the total gain at start-up is lower than 0 dB. Calculated G 1 at E bias 4 V is -173 dB using the parameters in TABLE II, which agreed with the simulated and measured results.
In Figure 10 , V in and V out differed slightly between simulation and measurement. The stray capacitance in the resonator and the change in operating pressure are considered as main reasons. We assumed that the circuit has ideal and no phase shift on V ou t against V in at the resonance frequency. However the stray capacitance caused phase shift in the feedback loop, which resulted in driving frequency shift from the resonance. The driving frequency shift may cause a change in the device gain G 1 significantly since the resonator driven in vacuum had high Q-factor. The operating pressure also changes G 1 . Because of the change in G 1 , the equilibrium position of total gain = 0 dB was changed and the measured values V in and V out were changed to reach total gain at unity.
V. CONCLUSION
In this paper, the self-dependent electrical equivalent circuit model of in-plane 2DOF comb transducers was proposed. The model has the dummy spring for detecting the displacement of comb, which allows us to simulate comb drive resonator without modifying the model parameter whenever the device or circuit parameter are modified. The validity of the model is proved through the simulation and measurement of both frequency response of 2DOF SOI resonator and transient response of 1DOF SOG resonator. In the frequency response analysis the effect of bias voltage on the amplitude and frequency on resonance was shown in simulation, which agreed well with the measurements. In the transient analysis, the power on response was successfully analyzed and agreed well with the measurements. The oscillation criteria against the bias voltage were discussed using the simulation results. 
